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1. The pump power dependent microlaser frequency tuning on MHz range

The tuning of the microlaser as a function of the pump power on MHz range can be resolved from
the beat note signal from two identical single-mode microlasers that is captured by the RSA, as
shown in Fig. S1(a). Here, one of the microlaser was pumped by a power stabilized laser, while
the other microlaser was pumped by another laser whose power was carefully adjusted with a step
of 1 uW. The tuning efficiency was measured to be 1.54 MHz/uW with the linear fitting, which

agrees well with the result measured by the OSA.


mailto:taolu@ece.uvic.ca
mailto:wfang08@zju.edu.cn
mailto:ya.cheng@siom.ac.cn

_____ 49 (D)6
.38 E
o
=
57 =
) 4 4
AN
£ I
95 =
z
et 0.65
TN Hrpiamsy L a W 24
165 §
"y . & Slope: 1.54 MHz/pW
Ry 265 @
e <
- 365 &
T T T T 1 0-9 o T T T
<
0 2 4 6 8 0 1 2 3 4
RF (MHz) Power Difference (pW)

Fig. S1 (a) The RF spectra as functions of the pump power difference. (b) Power difference-dependent RF, showing

a linear slope of 1.54 MHz/uW.

2. The design of the electrodes

Since the optical modes are TE polarized, the electric field interacts with the optical mode through
the linear EO coefficient rz; (= 6.8 10712 m/V). When the bias was applied to the electrodes, we
choose new principal axes (x’, y’, z°), to eliminate the mixed terms in the equation of the ellipsoid,
where z’ is parallel to z, and x” and y’ are rotated 45° with regard to x and y, as shown in Fig. S2.

The refractive indices in the x” and y’ directions are
1
n, =n, + grzz(Ex + E,)n3, (S1a)

n, =mn,— %rzz (Ex + E,)n3, (S2b)
where, Ex and Ey are the electric field components established between the electrodes when an
external bias voltage is applied, n, is the ordinary index. If the electric field produced by the applied
bias was axisymmetric, the average of effective index variation of TE polarized WGMs in one
round induced by the bias is zero, which causes the zero shift of resonant wavelength. To achieve

an effective index variation for the TE polarized wave, the outer plane electrode was designed with

an opening of toward the -y’ direction (¢ =3m/2), as shown Fig. S2. In this case, the TE polarized



wave experiences an average refractive index increment of -0.0004 when the applied voltage was
300 V, leading to a predicted red-shifted resonant wavelength of ~240 pm and a tuning efficiency
of 80 pm/V, which is in good agreement with the measured result of 50 pm/V. The deviation
between these two values maybe attributed to the heterogeneity of electric field along the
microdisk circumference. To further improve the tuning efficiency, the outer plane electrode

should be closer to the inner microelectrode.
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Fig. S2 The illustrated layout of the EO tuning of the microdisk, where k is wave vector.

3. The relationship between the pump threshold and the overlap integral

Here we illustrate the relation between overlap I" vs pump threshold in the case where both laser
and pump are in whispering gallery modes. Similar derivations could reach the same conclusion
in the case where both modes are polygons of the same shape.

Assuming the scalar optical fields of pump W,(¢,p,z) and laser W (¢, p,z) can be

expressed in cylindrical coordinate (¢, p, z) as



Wy($,0,2) = ap($)e/™ Py (p, 2), (s3a)

Yu(¢,p2) = aL(@)e/™P D (p, 2). (S3b)

Here, my, = m,,, + jm,;, is a complex number whose real part m,., represents the azimuthal
mode order of the pump mode and m; , characterizes the cold cavity loss. Respectively, m, =
m,;, + jm;, and m,., is the azimuthal mode order of the laser field. ®,(p, z) and @ (p, z) are

the whispering gallery modes of the pump wave and laser signal, both are normalized such that

|a1[,(<j>)|2 and |a; (¢)|? are the powers of pump and laser at azimuthal angle ¢. Accordingly, the
intensities of pump I,, and laser I, can be expressed as I,(¢,p,z) = |ap(qb)|zip(p, z) and
I,(¢,p,2) = lay,(9)I1L(p, 2), [, (p, 2) = ©}(p, 2) Py (p, 2), [, (p, 2) = Pf(p, 2)PL(p, 2).

Also, in a three-level lasing system, one can write the rate equations as

dNy(¢.p,2) _ Ip(d.p.z) IL(<I> p.z)

N,(¢,p,z)o13 + =———=N;(¢,p,2z)01 — %:Z) (S4a)

at  hv
dlp(¢.p,z) 2m;,
ppd(:z = _Nl(d)' p, 2)0-13Ip(¢' p'Z) - T’; plp(d)' p, Z)v (S4b)
dal m;
DL = N2($,9,2)001 = Na(p, p, Dowallu (b9, 2) = L1 (pp,2), (S40)

where h is the Planck’s constant, v, and v, are pump and laser photon frequencies, g, is the
spontaneous emission lifetime, ajj is the decay rate per atom from energy level i to j, N;(¢, p, 2)
and N, (¢, p, z) are carrier densities at the 1% and 2" energy levels at spatial location (¢, p, z).
Here we assume the rapid transition 3 — 2 such that all carriers pump to the 3 level will quickly

migrate to the 2" level. Under such approximation, the total carrier density N = N; + N,. Note

dNZ (¢,p,Z)

at the steady state, = 0, we have



1
Nl(qb p'Z) - [Ip(¢pz) 11.(¢.0.2) NT’ (Ssa)

h.Vp 013 th le]fsp'l'l

Ip(¢,p,2)6 1.(¢.p,2)
hvp 137 hyp

Ny (¢, p,z) = [Ip(qb,p,Z)J 1L(@.0.2)

4
h.Vp 131 th le]TSp‘l‘l

le]Tsp

NT’ (SSb)

Note that at for a 3-level system, at pump threshold, I,(¢, p,z) > I,($,p,z), N(¢,p,z) —

N,(¢, p,z) < Ny, 01, = 0,,. Therefore,

L,(¢,p, 2)
p
TO-BTSP - 1 { 1 —I
N, yPryZ) — N PyZ) = 1- N
2(¢)p ) 1(¢P ) Ip((l-’),P;Z)O_ ] +1 | 1[1 (pr.z) ] 1]+1| T
hvp 13tsp l 013Tsp J
In(¢,p.2) Ip(¢,p,2)
[1 - ( - [p—p013Tsp D] Ny =~ [pTUB Tsp 1] Ny. (S6)
We obtain
di(¢.p.2) _ 1[lp(¢p2) 2m;,
Lpd¢ =3 [ 5 vy 013Tsp — 1] Nroy21. (¢, p,2) — P “1.(p,p, 2). (S7)
At threshold, gain compensates loss, one may find the pump threshold according to
— N hvy 2my, | 1 [ dvii(p,z)
Pp,th ~ 013TspNTO12 ( Ro + 2NT012 )deip(p'Z)iL(p'Z). (88)

One would find that according to the equation (Eq. S8) above, the minimum pump threshold occurs

when the laser and pump mode intensity overlap T' = [ dvfp(p, 2)1; (p, z) is maximized.



